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PDE Boundary Control for Flexible Articulated
Wings on a Robotic Aircraft
Aditya A. Paranjape, Member, IEEE, Jinyu Guan, Soon-Jo Chung, Senior Member, IEEE,
and Miroslav Krstic, Fellow, IEEE

Abstract—This paper presents a boundary control formulation
for distributed parameter systems described by partial differential
equations (PDEs) and whose output is given by a spatial integral
of weighted functions of the state. This formulation is directly applicable to the control of small robotic aircraft with articulated
flexible wings, where the output of interest is the net aerodynamic
force or moment. The deformation of flexible wings can be controlled by actuators that are located at the root or the tip of the
wing. The problem of designing a tracking controller for wing twist
is addressed using a combination of PDE backstepping for feedback stabilization and feed-forward trajectory planning. We also
design an adaptive tracking controller for wing tip actuators. For
wing bending, we present a novel control scheme that is based
on a two-stage perturbation observer. A trajectory planning-based
feed-forward tracker is designed using only one component of the
observer whose dynamics are homogeneous and amenable to trajectory planning. The two components, put together, estimate the
external forces and unmodeled system dynamics. The effectiveness
of the proposed controllers for twist and bending is demonstrated
by simulations. This paper also reports experimental validation of
the perturbation-observer-based controller for beam bending.
Index Terms—Distributed parameter systems, nonlinear control
systems, robot control, robot motion, unmanned aerial vehicles.

I. INTRODUCTION
HERE is a considerable interest in developing robotic aircraft, which is inspired by birds and bats [10], [16], [20],
[43] and insects [13]–[15], [60]. While insect wings can be modeled as simple rigid wings, both wing flexibility and wing articulation are believed to play a key role in flight performance and
agility for bird and bat flight [43], [54]. A new concept to control microaerial vehicles (MAVs), which uses wing articulation
and is inspired by bird and bat flight, was introduced by Paranjape and coauthors [39], [40]. The concept lends itself readily
to aeroelastic tailoring, which is seen as an asset in the development of agile MAVs [26], [39], [50], [55]. Wing flexibility not
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Fig. 1. Robotic bat testbed, where the control laws proposed in this paper can
be tested [10], [16].

only improves aircraft performance and stability passively, but
can also be actuated actively for control [1], [39], [55]. Fig. 1
shows a robotic bat testbed, which was developed at the University of Illinois at Urbana-Champaign (UIUC) by the authors
of [10] and [16]. Each wing is actuated at the root, and during
experiments, the motion of each wing as well as the body can be
measured in real time for feedback control. It provides a suitable
platform to test the controllers that are developed in this paper.
Broadly speaking, continuum distributed parameter systems
(DPS) such as flexible wings can be controlled in two ways:
distributed control and boundary control. The former approach
relies on a series or a network of actuators and sensors that are
distributed over the system. The latter approach relies on actuators that are deployed only on the boundary of the system under
consideration. For practical engineering applications, the most
important benefit of boundary control is the reduction in the
number of actuators. Despite a number of bio-inspired examples of distributed actuation, it is evident in robotic applications
that implementing a distributed actuation scheme would incur
substantial penalties in weight as well as costs. A distributed array of sensors is considerably cheaper and less cumbersome to
implement than an array of distributed actuators. The benefits of
distributed actuation can be made up, in part, by a combination
of good mechanical design and effective boundary control.
A. Literature Review
Structural stability of the wing is governed by its geometry and speed. Moreover, a typical flexible wing has at least
two elastic degrees of freedom for deformation—bending and
twisting—in addition to the rigid rotations at the root. The structural dynamics of the wing are coupled to the rigid body dynamics of the aircraft [39]. It has been demonstrated in the literature
that aeroelastic instabilities such as wing divergence and flutter
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can be mitigated using flap-based effectors [3], [46] or passive
energy sinks for flutter [25].
There is a substantial amount of literature on boundary control
theory of partial differential equations (PDEs) (see [8], [9], [12],
[30]–[32], [47] for material pertinent to this paper and references
cited therein). There are two sets of methods for boundary control of PDEs. The first set consists of methods that convert the
PDEs into ordinary differential equations using approximation
methods such as those of Galerkin or Rayleigh-Ritz [9], [22],
or using operator theoretic tools [4], [5], [11], [27], [33], [34].
The second set of methods leaves the PDEs intact, and uses a
“model-following” approach as described in a recent book by
Krstic and Smyshlyaev [30].
A finite-state approximation to a PDE may wrongly render
fundamental system theoretic properties like controllability and
observability into functions of the approximation [8]. Stability analysis that is based on a finite-state approximation is
vulnerable to spillover instabilities which arise due to inadequate accounting of the residual modes [2], [37]. On the other
hand, keeping PDEs intact makes the control law design more
intuitive. A PDE-based approach has been used for maneuvering robotic arms [30], [44], controlling the Navier–Stokes
model [58], and suppressing vibrations in a flexible beam [21].
A gain-scheduling-based approach for nonlinear PDEs has been
presented in [52], while Krstic and Smyshlyaev [31] derived an
adaptive controller for parabolic PDEs.
There are several PDE and ODE controller designs in the
literature to stabilize and control beam bending [17], [21], [28],
[33], [34], [52], [56], although the literature mostly concerns
bending that is encountered in loaded cables, structural beams,
or robotic arms. Flexible wings of robotic aircraft are unique
because they experience a closed-loop interaction with the flow
field around them. The loop closure happens due to the flow field
itself being dependent on the wing deformation, which creates
a highly nonlinear system whose modeling is susceptible to
significant structural and parametric uncertainties. This necessitates a control design approach, where the control parameters
can be tuned with very limited information about the system,
and traditionally successful and applied methods for DPS, such
as [5], [33], [34], need to be replaced by a more “adaptive”
approach, which can tune the control parameters to appropriate
functions of the system parameters.
B. Main Contributions
This paper presents a boundary control problem for wing twist
(second-order hyperbolic PDE) as well as bending (fourth-order
Euler–Bernoulli beam PDE), which could be applied to a wider
class of PDEs, including flexible aircraft wings and robotic
arms. One highlight of our approach is that it requires minimal
information about the system dynamics, and the control laws are
themselves in quite a tractable form, which makes them easy to
apply to a real physical system. The stability of the controlled
system is analyzed rigorously.
The main contributions of this paper are as follows.
1) The PDE control objective that is considered in this paper
is unique since the controller minimizes a tracking error of
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a time-varying net aerodynamic force or moment, rather
than following a deformed wing shape. An abstraction
of this control objective is to ensure that some weighted
integral of the twisting angle equals the prescribed value.
A similar idea for a more general class of PDEs has
been explored in [8] and [9] in the context of spatially
distributed control.
2) We design a tracking controller for wing twist based on
trajectory-planning and a PDE backstepping-based stabilizer. The procedure is called backstepping because it
involves a Volterra operator with a lower triangular structure similar to backstepping transformation for ordinary
differential equations [29], [30], and allows the controller
acting at the boundary to compensate for the undesired
(unmatched) dynamics.
3) With the integral of wing twist as the output, and shear
force at the wing tip as the input, we show that the twist
dynamics have a finite relative degree, thereby permitting
a traditional ODE-based approach to control design. The
tracking controller increases the stability margin of the
twist dynamics by a factor of 16. An adaptive controller
for a limited class of parametric uncertainties is also derived for tip-based actuators in general, and root-based
actuators, when the output is the rolling moment.
4) We present a novel perturbation-observer-based controller
to facilitate a trajectory-planning-based tracking controller for bending. The output of interest is the displacement of the wing tip. The perturbation observer, which
is designed here uses adaptation to estimate the external
forces acting on the system. The observer is split into a
“particular” component and a “homogeneous” component
(the notions are made more precise later). Since the homogeneous component is stable and not driven directly
by external feedback, it is simpler to design a control law
for it. The same control signal is sent to the actual system, whose states then converge exponentially to a region
around the observer states.
5) We experimentally validate the perturbation-observerbased controller for a beam, which is controlled at the
wing boundary.
This paper is organized as follows. The problem formulation
is explained in Section II. A backstepping-based tracking controller for wing twist, which is inspired by [30], is derived in
Section III. A controller for wing twist with actuation at the
wing tip and its adaptive version are presented in Section IV.
A controller to track tip displacement commands is derived for
the bending dynamics in Section V, where an observer-based
approach is introduced. Numerical simulations are presented in
Section VI. Finally, experimental validation of the perturbationobserver-based control of beam bending is presented in
Section VII.
II. MOTIVATION AND PROBLEM FORMULATION
The motivation to consider the problem of boundary control
of beams stems from the problem of controlling flexible wings
for agile aircraft maneuvers. Suppose that the wing has length
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Note that both root and tip control configurations have one Neumann and one Dirichlet boundary condition. In (2) and (3), Ftip
and Mtip are the applied tip shear force and twisting moment,
respectively. The root actuation variables, δR and θR , are the
rigid dihedral (up and down motion) and wing incidence angles. The term η denotes the Kelvin–Voigt damping coefficient.
It need not be the same for bending and twisting in general.
The right-hand side (RHS) of (1) depends on u̇B , which is
given by

m(u̇B + S(ω B )uB ) + m̃ (u̇f + S(ω B )uf )dy = Fnet

Fig. 2.

Figure showing the problems addressed in this paper.

Jω̇ B + S(ω B )Jω B +

w

(Ip (y)ω̇ f + S(ω B )Ip (y)ω f ) dy
w

L, a mass per unit span of m̃, and let y denote the spanwise




coordinate. Furthermore, let ξ = ξ(t, y) and θ = θ(t, y) denote
the bending and twist displacements, respectively, as shown in
Fig. 2. Let EIb and GJ˜ denote the bending and torsion stiffness,
respectively, where Ib is the second moment of area of the cross
section about the local bending axis, and J˜ is the torsional
constant. Let Ip denote the polar moment of inertia of the wing
cross section.
The resultant wind velocity at a given point on the wing
u is a sum of the aircraft flight speed uB (measured in the
˙ T so that
body axis) and the wing vibration rate uf = [0 0 ξ]
u = TW B uB + uf (y), where TW B is the rotation matrix from
the body frame to the local wing frame. Let c denote the wing
chord length. Let xe c denote the distance between the center
of mass and the shear center of the wing, and xa c the distance
between the aerodynamic center and shear center. The wing
is loaded transversely with a load Fb , which depends on the
wind velocity, inertial effects that arise from aircraft acceleration
and added mass effect, and gravity. An aerodynamic model to
calculate Fb , which is based on an ODE approximation for the
time-varying flow dynamics on the wing, can be found in [18].
Then, the PDE model of the structural dynamics of the right
wing is given by


  
ηEIb ξty y y y + EIb ξy y y y
ξtt
m̃
−m̃xe c
+
Ip
−m̃xe c
˜ ty y − GJθ
˜ yy
θtt
−ηGJθ


Fb (ξy , θ, u, u̇B )
(1)
=
−xa cFb (ξy , θ, u, u̇B )
where the subscripts t and y denote partial derivatives, i.e.,
∂ξ
ξtt = ∂∂tξ2 , ξty y y y = ∂ t∂
y 4 , and so on. A similar equation can be
derived for the left wing as well. The boundary conditions for
tip-based actuation are given by

= Mnet

(4)

where m is the total mass of the
 aircraft, J is the moment of
inertia tensor for the aircraft, w denotes integration over the
wing, S(·) denotes the cross product, and Fnet and Mnet represent the net external (aerodynamic + gravitational) force and
moment on the aircraft. Furthermore, ω B and ω f = [0 θ̇ 0]T
are vector representations of the aircraft angular velocity and
the twist rate of the wing, with components in the aircraft body
axes. The dynamics of the motion of the center of gravity of
the aircraft, arising from the movement of the wings, have been
ignored. See [39] for a detailed and more general derivation of
the equations of motion. The important point, though, is that the
structural dynamics of the wing are coupled to the flight dynamics of the complete aircraft, which are nonlinear in their own
right, which makes control design a challenging assignment.
Physically, Ftip and Mtip can be realized by using wing tip
flaps, not unlike the outboard feathers on the wings of a bird.
Indeed, trailing-edge effectors have been demonstrated to be
effective at wing flutter suppression as well [3]. On the other
hand, δR and θR are easier to control, and the capability for root
actuation is present naturally in flapping wing aircraft.
Problem Formulation
The control objective is to ensure that
 L
θ(t, y)dy − H(t) = 0 (net lift)
(5)
lim
t→∞

0



L

lim

t→∞


lim

t→∞

yθ(t, y)dy − Hl (t)

= 0 (rolling moment)

(6)

0
L

ξy (t, y)dy − R(t)

= lim (ξ(t, L) − R(t)) = 0

0

(bending displacement of the tip)

t→∞

(7)

where H(t), Hl (t), and R(t) are sufficiently smooth timevarying signals. Although we state asymptotic convergence
as the objective, we will prove exponential convergence to a
Ftip (t)
Mtip (t)
ξy y y (t, L) =
, θ(t, 0) = 0, θy (t, L) =
(2) uniform ultimate bound. The net lift produced by the wing is
L
EIb
GJ˜
2
0 0.5ρu cCL (y, α, θ)dy, where ρ is the air density, u is
while those for root-based actuation (also shown in Fig. 1) are
the local wind speed, and CL is the coefficient of lift, which depends on the angle of attack of the aircraft α, and the local wing
ξ(t, 0) = ξy y (t, L) = 0 = ξy y y (t, L) = 0
twist angle θ. Depending on the aerodynamic theory, CL may be
ξy (t, 0) = δR (t), θ(t, 0) = θR (t), θy (t, L) = 0. (3) a nonlinear function of α and θ, and it is almost always a function
ξ(t, 0) = ξy (t, 0) = ξy y (t, L) = 0

628

IEEE TRANSACTIONS ON ROBOTICS, VOL. 29, NO. 3, JUNE 2013

L
of y for a finite-span wing [36]. The term 0 ξy (t, y)dy = ξ(L)
is a measure of the effective wing dihedral, which is a key
yaw control parameter [39]. It is approximately the ratio of two
components of Fb . The first points are along the y direction in
Fig. 2, and the second points upward. Hence, it is a measure of
the amount of side (y-) force produced by the wing which, in
turn, produces a yawing moment on the aircraft.
Remark 1: The well-posedness of the closed-loop systems
considered here can be shown by proving that the input–output
map of the system exists and is bounded [7], [48]. For the
twisting dynamics actuated by root control, this is achieved by
designing the control to map the system onto well-posed and
exponentially stable dynamics. For twisting dynamics actuated
at the wing tip, the input–output map is actually a finite-order
ODE, and its well-posedness follows from the standard existence and uniqueness theorems for ODEs. The well-posedness
of the closed-loop bending dynamics can be shown using a
transfer function approach [7], [12].
Remark 2: It was shown in [12] that the boundary condition
EIb ξy y y = Ftip in (2) needs to be replaced with EIb (ξy y y +
ηξty y y ) = Ftip when the Kelvin–Voigt damping coefficient
η = 0 in order to ensure the well-posedness of the PDE. Note,
however, that this replacement essentially creates a low-pass
filter for the control input Ftip . As long as the dominant frequencies in Ftip are smaller than the cutoff frequency 1/η, the
boundary condition in (2) is sufficiently accurate for control
design. Moreover, the Kelvin–Voigt damping term is physically
akin to distributed load [Fb in (1)] on the wing, which does not
affect the boundary conditions.
III. ROOT-BASED TRACKING CONTROLLER FOR LIFT
In this section, we consider a twist PDE with constant coefficients. The PDE backstepping method is used to design a conL
troller, which ensures limt→∞ ( 0 θdy − H(t)) = 0 [see (5)].
The twisting dynamics, with the angle of incidence at the wing
root as the control input and the wing tip free, are given by
θtt (t, y) − bθty y (t, y) − aθy y (t, y) = M θ(t, y)
θ(t, 0) = U (t),

θy (t, L) = 0.

(8)

Thus, the dynamics of w are described by the PDE
wtt − bwty y − awy y = M w, w(t, L) = 0, wy (t, 0) = U (t)
(11)
where U (t) is the control signal [θR in (3)], and recall that
˜ p and b = ηa. Furthermore, we defined M so that
a = GJ/I
M θ = −xa cFb /Ip , where Fb is a linear function of θ. Note that
wy (t, y) = θ(t, y). The control objective is now recast to ensure
that limt→∞ w(t, 0) = −H(t).
The method presented in this section rests on the following
steps:
1) obtain a backstepping transformation w → v, which maps
the dynamics in (11) into desired stable dynamics;
2) compute the boundary condition v(t, 0); and
3) derive a trajectory planning-based design with the boundary conditions of the v dynamics.
Step 1 (Volterra transform): Define the Volterra transform

v(t, y) = w(t, y) −

(9)

k(y, x)w(t, x)dx

(12)

L

and the v-dynamics
vtt −bvty y − avy y = M v − bpvt − apv, v(t, L) = 0, p > 0.
(13)
Note that we have prescribed only one boundary condition for v,
which follows from the fact that w(t, L) = 0. The second boundary condition vy (t, 0) has to be calculated to ensure that the
limt→∞ w(t, 0) ≈ −H(t) (this is what we can guarantee in practice, in place of asymptotic convergence). The target dynamics in
(13) are very similar to those designed for the regulation problem
in [30, ch. 7, pp. 79–89]. However, the boundary conditions are
chosen to match the control objective in (5). For the regulation
problem (H = 0), we can prescribe vy (t, 0) = v(t, L) = 0 [30].
In contrast, in order to track a nonzero, time-varying H(t), we
choose vy (t, 0) by using trajectory planning.
We first establish the stability of (13) with homogeneous
boundary conditions, i.e., vy (t, 0) = v(t, L) = 0.
Proposition 1: The target dynamics (13) with vy (t, 0) =
v(t, L) = 0 are stable if and only if


We first make a coordinate transformation and define
 y
θ(t, x)dx.
w(t, y) =

y

p > max

M
π2
π2
−
,− 2
2
a
4L
4L

.

(14)

L

Physically, w(t, y) measures the lift, which is generated by the
outboard section of the wing starting at y and terminating at
the tip. Note that θy (t, L) = 0 at the free end y = L. Hence, it
follows that
 y
θtt (t, x)dx
wtt (t, y) =
L
y



λ2 + b(ν 2 + p)λ + (a(ν 2 + p) − M ) = 0
where ν =

(bθtxx (t, x) + aθxx (t, x) + M θ(t, x))dx

=

Proof: Using the method of separation of variables, it is easy
to check that the eigenvalues of the resulting system are the
solutions of

2n + 1 π
,
2 L

n = 0, 1, 2, . . . .

(15)

L

= bθty (t, y) + aθy (t, y) + M w(t, y)
= bwty y (t, y) + awy y (t, y) + M w(t, y).

(10)

The target dynamics are stable if and only if the control design
parameter p satisfies (14).

Next, we solve for k(y, x) in the Volterra transform (12).
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Proposition 2: The gain kernel k(y, x) in (12) is the solution
of the Klein–Gordon PDE
kxx (y, x) − ky y (y, x) = −pk(y, x),
p
k(y, y) = (L − y)
2

k(y, L) = 0
(16)

and given in terms of the modified Bessel function, I1 (·)1
k(y, x) = p(L − x)

I1 ( p((L − y)2 − (L − x)2 ))
p((L − y)2 − (L − x)2 )

.

(17)

Proof: We can derive expressions for vtt and vy y from (12)


y

vt t = w t t −

k(y, x)wt t (x)dx
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are tight bounds on the tracking error. A similar approach, which
is based on backstepping, but for constant reference signals, has
been derived in [49].
Step 3 (Trajectory planning for wing twist): We design a trajectory planning-based algorithm (see [30], Ch. 12). We define
a new state v r , where the superscript “r” denotes the reference
value. The dynamics of v r are given by a PDE that is identical
to (13):
r
r
r
r
r
r
vtt
− bvty
y − avy y = M v − bpvt − apv ,

v r (t, L) = 0
(21)
where vyr (t, 0) is the control input to be designed using trajectory
planning to ensure that v r (t, 0) tracks Hr (t).
Since v r (t, L) = 0, we expand v r (t, y) as a polynomial

L

N

= bwt y y + awy y + M w
 y
−
k(y, x) (bwt x x (x) + awx x (x) + M w(x)) dx
L



v r (t, y) =
j =1



y

kx x (y, x) (bwt (x) + aw(x)) dx
L

N

− k(y, y)(bwt y (y) + awy (y)) + kx (y, y)(bwt (y) + aw(y))
j =1

Lj
= Hr (t).
j!

(24)

The value of N can be chosen on a case-by-case basis. As an
illustration, if we truncate the series at N = 3, we get

The expression for vy y can be derived as follows:


ηj (t)

(18)

+ k(y, L)(bwt y (L) + awy (L)).

(22)

η̈j (t) + bpη̇j (t) + (ap − M )ηj (t) = bηj +2 (t) + aηj +2 (t).
(23)
The requirement that v r (t, 0) = Hr (t) gives

k(y, x)M w(x)dx
L

−

(L − y)j
.
j!

Substituting for v r into (21), we get

y

= bwt y y + awy y + M w −

ηj (t)

y

vy (y) = wy (y) − k(y, y)w(y) −

η̈1 (t) + bpη̇1 (t) + (ap − M )η1 (t) = bη̇3 (t) + aη3 (t). (25)

ky (y, x)w(t, x)dx
L

vy y (y) = wy y (y) − 2ky (y, y)w(y)



y

− kx (y, y)w(y)−k(y, y)wy (y)−

ky y (y, x)w(t, x)dx.

A similar equation can be obtained for η2 (t), with the RHS equal
to zero. Therefore, η2 converges to zero exponentially fast and
can be ignored. The requirement that v r (t, 0) = Hr (t) gives

L

(19)
The expression for vty y is similar to that for vy y . We substitute
(18) and (19) into (13) and isolate the coefficients of w and
wy in the integrand as well as outside the integral. This yields
(16).

Step 2 (Boundary condition, v(t, 0), for tracking): We have
already ascertained that v(t, L) = 0. From (12), it follows that
 L
k(0, x)w(t, x)dx
(20)
v(t, 0) = w(t, 0) +
0

which does not yield an exact relationship between H(t) defined in (5) and v(t, 0). Instead, we need to determine an appropriate reference value for v(t, 0), denoted by Hr (t), which
ensures that w(t, 0) approximately tracks −H(t). For example, we could approximate w(t, x) ≈ f1 (x)w(t, 0), f1 (0) = 1,
where f1 (x) denotes the shape of the first twisting mode. Thus,
L
we set Hr (t) = −H(t)(1 + 0 k(0, x)f1 (x)dx). It is important
to appreciate that ignoring the higher modes has no repurcussions for stability since it is guaranteed separately. At the same
time, it may be necessary to include more than one mode if there
1 A modified Bessel function I (y) satisfies y 2 I (y) + yI (y) − (y 2 +
n
n
n
n 2 )In (y) = 0.

η1 (t)L + η3 (t)

L3
= Hr (t).
6

(26)

Substituting η3 (t) = L63 (Hr (t) − η1 (t)L) into (25) gives


6
6a
η̈1 (t) + b p + 2 η1 (t) + ap − M + 2 η1 (t)
L
L
6
bḢr (t) + aHr (t) .
(27)
L3
Then, vyr (t, 0) is calculated by differentiating both sides of (22)
=

L2
3Hr (t)
= 2η1 (t) −
(28)
2
L
where vyr (t, y) = ∂v r (t, y)/∂y.
Proposition 3: Based on Steps 1–3, we now define U (t) =
θ(t, 0) = wy (t, 0) as illustrated in the block diagram in Fig. 3.
First, we set the boundary condition vy (t, 0) = vyr (t, 0). Let
ṽ(t, y) = v(t, y) − v r (t, y). It is straightforward to check that
the dynamics of ṽ are given by the exponentially stable PDE
vyr (t, 0) = −η1 (t) − η3 (t)

ṽtt − bṽty y − aṽy y = M ṽ − bpṽt − apṽ
ṽ(t, L) = ṽy (t, 0) = 0.

(29)

Thus, in particular, it follows that v(t, 0) → v (t, 0) exponentially fast and v(t, 0) tracks Hr (t).
r
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Fig. 3. Block diagram showing the tracking controller for twist (θ) dynamics.
This structure is identical to the classic strict feedback structure for systems
described by ODEs [29].

An expression for vy (t, y) can be found by by differentiating
both sides of the Volterra tranform in (12)
 y
ky (y, x)w(t, x)dx.
vy (t, y) = wy (t, y) − k(y, y)w(t, y) −
L

(30)

Finally, the control input U (t) is calculated

The need to compensate for negative damping imposes an
additional constraint on p.
2) Damping and stiffness cannot be added independently.
They are added in the ratio b/a.
3) The controller in (31) requires that the twist angle at all
points on the wing be known. This difficulty can be circumvented by designing a PDE-based observer [30] or,
practically, using a series of distributed sensors and fitting
their output with an a priori designed spline.
4) Finally, the control law does not require that a, b, or M
be known for the purpose of regulation. We only need to
know bounds on a and M to choose the gain p.
IV. BOUNDARY CONTROL OF TWISTING MOTION:
WING TIP CONTROL
Although backstepping can be employed when the twisting
moment at the wing tip is used as the control input, it turns out
that there is a simpler alternative, as described in this section. It
relies on the fact that the system has a finite relative degree for the
L
input–output combination of the tip moment and 0 θ(t, y)dy,
respectively.
A. Tip Boundary Control When All Parameters Are Known

U (t) = θ(t, 0) = wy (t, 0)

 L
As in the previous section, one can design a backstepping
= vyr (t, 0) + k(0, 0)w(t, 0) −
ky (0, x)w(t, x)dx (31) controller for the case where a control moment is applied to
0
the free end (y = L) of the wing, while the other end (y = 0)



feedback
is clamped. In fact, the procedure in both cases is identical, alr
r
where vy (t, 0) → vy (t, 0) exponentially fast. The term vy (t, 0) though the final expressions for the control law differ slightly.
is a feed-forward tracking term in the control signal, while the Alternately, in the case of MAVs, one may do without a stabilizing controller. The “tracking half” of the controller may
remaining two terms act as feedback stabilizers.
We now assert that the closed-loop system is stable in the be designed by using the output measurements. This method is
useful for adaptive designs as well. We consider the wing model
sense of L . Given a quantity Ω(t, y) ∈ R, define
2





Ω(t)L2 =

θtt − bθty y − aθy y = M θ,

L

Ω(t, y)2 dy.
0

Theorem 1: The closed-loop w-dynamics (11) and (31) are
stable in the sense of L2 , i.e., w(t)L2 is bounded.
Proof: Using a Lyapunov stability argument, it can be shown
that v(t)L2 is bounded at all times. Since (12) is a diffeomorphism, we can find another function l(y, x) (which is
expressed in terms of the Bessel function J1 [30]) such that
y
w(t, y) = v(t, y) − L l(y, x)v(t, x)dx, and l(y, x) is bounded
for all 0 ≤ y ≤ x ≤ L. Since the v(t)L2 is bounded, it follows

that w(t)L2 is bounded.
Remark 3: The approach that is detailed in this section also
works when the RHS is nonlinear, i.e., M ≡ M (y). Linearization can be used in the general case, where the RHS is of the
form M (y, θ1 , θ2 ). It has been shown in [38] that a regulator
based on (31) can stabilize the twisting dynamics in the presence
of these nonlinearities. The analysis is not repeated here.
Remark 4: A few observations are worth noting here.
1) For stability, it is essential that b > 0, i.e., the Kelvin–Voigt
damping coefficient is always positive. The aerodynamics
could introduce negative damping, but it can be compensated by the term bpvt , and wing flutter can be prevented.

θ(t, 0) = 0,

θy (t, L) = u(t)
(32)
where the control input is a moment that is applied at the wing
˜ p.
tip, (u(t) = θy (L, t) = Mtip in (2), and b = ηa = ηGJ/I
Furthermore, we defined M so that M θ = −xa cFb /Ip , where
Fb is a linear function of θ.
Theorem 2: A dynamic controller of the form
bu̇(t) + au(t) = Ḧ(t) − M H(t) − (M + k)e(t) − kc ė(t)
+ aθy (t, 0) + bθty (t, 0)
ensures the following control objective:
 L
lim
θ(t, y)dy − H(t)
t→∞

= 0.

(33)

(34)

0

L
Proof: Let e(t) = 0 θ(t, y)dy − H(t) denote the error,
which needs to be regulated. Then,
 L
θtt (t, y)dy − Ḧ(t)
ë =
0


=

L

(aθy y + bθty y + M θ) dy − Ḧ(t)

0

= aθy (t, L) − aθy (t, 0) + bθty (t, L) − bθty (t, 0)
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+ M e(t) − Ḧ(t) + M H(t)
= bu̇(t) + au(t) − aθy (t, 0) − bθty (t, 0)
+ M e(t) − Ḧ(t) + M H(t).

(35)

The controller (33) renders the system into a globally exponentially stable linear system with kc > 0, k > 0
ë(t) + kc ė(t) + ke(t) = 0.

(36)

Hence proved.

Remark 5: The control law in (33) suggests that θ need not be
monitored or measured at all locations on the wing. Instead, only
θy (t, 0) needs to be measured or estimated. The reference signal
H(t) is known. It may be difficult to inject damping because ė(t)
is the rate of change of the lift and, in practice, would require
differentiating noisy acceleration signals. Another interesting
observation is that although the PDE system had an infinite
relative degree when the root twist was chosen as the control
input, the relative degree is 2 when twisting moment at the wing
tip is considered as the input. Finally, the control law design that
is described is this section lends itself readily to adaptation if a
and/or M are unknown.

The problems of tracking and stabilization are distinct because the PDE system (32) is infinite dimensional. Nevertheless,
a tracking controller improves stability as described presently.
One way to measure the influence of a tracking controller on the
stability of the closed-loop system is to set H = 0. Make a coy
ordinate transformation w(t, y) = L θ(t, z)dz, similar to (9),
so that achieving H = 0 is equivalent to achieving w(t, 0) = 0.
It follows that the transformed dynamics, with H = 0 obtained
by the tracking control algorithm, are given by
wtt (t, y) − bwty y (t, y) − awy y (t, y)
= M w(t, y) − bwty y (t, 0) − awty y (t, 0)
w (t, 0) = 0.

(37)

The third boundary condition is not entirely independent. Let
w(t, y) = η(t)φ(y). Then, we get
η̈(t) − M η(t)
φy y (y) − φy y (0)
=
= −λ2
bη̇(t) + aη(t)
φ(y)

C. Adaptive Control for a Wing Tip Actuator
Consider the dynamics in (32) with the objective in (34), and
suppose that M is unknown. The control law in (33) is modified
so that
bu̇(t) + au(t) = Ḧ(t) − M̂ (t)(H(t) + e(t)) − ke(t)
− kc ė(t) + aθy (t, 0) + bθty (t, 0)

φ(y) = A sin(λy) + B cos(λy) + φy y (0)/λ2 .

(39)

The boundary conditions φ(0) = φy (0) = 0 lead to φ(y) =
B(cos(λy) − 1). Finally,
∵ φ(L) = 0,

(41)

where M̂ (t) is the estimated value of M , and e(t) =
L
0 θ(t, y)dy − H(t) denotes the tracking error. The closed-loop
tracking error error dynamics are described by the ODE
(42)

where M̃ (t) = M̂ (t) − M (t). We design a projection-based
adaptive law for M̂ (t) to ensure that the error e(t) remains
bounded with as small a bound as possible. The projection operator, which is denoted by Proj(·, ·), is used commonly in the
adaptive control literature [6], [35] for parameter estimation.
Theorem 3: Let x(t) = [e(t), ė(t)]T . Suppose that there exist
positive constants B1 and B2 such that |M | < B1 and |Ṁ | <
B2 . Then, the following adaptive law

 
0
˙
T
M̂ (t) = γProj M̂ (t), x P
(e(t) + H)
1

(43)

with |M̂ (t)| < B1 ensures that there exists a positive constant
K(B1 , B2 ) and a time T > 0 such that
x(t)∞ ≤ x(t)2 ≤

K(B1 , B2 )
∀ t ≥ T.
√
γ

(44)

(38)

where λ is a constant. It follows that the condition for stability
(exponential stability to be precise, since the present system is
linear) is M/a < λ2 . The differential equation for φ(y) in (38)
can be solved to get

φ(L) = 0 =⇒ λ = 2nπ/L,

by M/a < λ2 = 4π 2 /L2 , it follows that the stability margin
improves by a factor of 16 by using only the tracking controller,
although it does not stabilize the wing for all values of M and
a as backstepping does. In principle, the tracking controller
converts the wing from a cantilever beam to a clamped-clamped
beam. In practice, this translates to the ability to increase the
wing flexibility by an order of magnitude, or increase the wing
divergence speed fourfold.

ë(t) + kc ė(t) + ke(t) = −M̃ (t)(H(t) + e(t))

B. Tracking and Stability

w(t, L) = w(t, 0) = 0,
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n = 1, 2, . . . .
(40)
Had we not imposed the condition H(0) = 0, we would have
obtained M/a < π 2 /(4L2 ) as the condition for (exponential)
stability. Since the condition for closed-loop stability is given

Proof: see [38].
Remark 6: The bound on x(t)∞ can be made arbitrarily
small by choosing a large γ. The steady-state beam shape of
the wing depends on the steady-state value of the error M̃ (t).
Finally, it is worth noting that although a and b were assumed
to be known, the aforementioned analysis can be repeated to
accommodate an unknown a and b as well.
D. Control of Rolling Moment

L
An abstract measure of the rolling moment is 0 yθ(t, y)dy,
L
which is defined in (6). Let el (t, y) = 0 yθ(t, y)dy − Hl (t),
where Hl (t) denotes the reference value of the rolling moment
to be tracked, and el (t) is the tracking error. Differentiate el (t)
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twice with respect to time
 L
yθtt (t, y)dy − Ḧl (t)
ël (t) =

approximate relation, when the speed is less than the torsional
divergence speed
1.5 L
ωθ
≈
ωξ
1+ν c

0


=

L

y(bθty y (t, y) + aθy y (t, y))dy
0



+M

L

yθ(t, y)dy− Ḧl (t)
0

= L(bθty (t, L) + aθy (t, L)) − b(θt (t, L) − θt (t, 0))
− a(θ(t, L) − θ(t, 0)) + M el (t) + M Hl (t) − Ḧl (t).
(45)
An interesting observation is that el (t) has a relative degree of
2 with respect to θy (t, L) (tip control) as well as θ(0) (root
control). Therefore, a considerably simpler controller than the
backstepping controller, on the lines of the adaptive controller
in the previous section, can be implemented for a root-based
actuator as well. Indeed, in aicraft, the lift is controlled using
the horizontal tail, while wing-based flaps (ailerons and spoilers)
are used primarily for roll control.
V. ROOT BOUNDARY CONTROL OF WING BENDING
In this section, we first determine the conditions under which
there is a significant time-scale separation between the bending
and twisting dynamics. When the time-scale separation is sufficient, the control laws for bending and twist can be designed
separately, which simplifies the design process considerably in
practice. Time-scale separation is used quite routinely to design
flight control laws [24], [45], [53], [59]. We introduce one of the
main results of this paper—the new perturbation-observer-based
method to design a bending controller. In particular, we design
a root-based bending controller [δR in (3)] using a combination of the perturbation-observer-based approach and trajectory
planning. The design of a tip controller [Ftip in (2)] is straightforward using the approach that is established in this section,
and we demonstrate it experimentally.
The bending PDE in (1) can be written as
m̃ξtt + ηEIb ξty y y y + EIb ξy y y y = Fn (t, y, ξt , θ, θtt )
ξ(t, 0) = ξy y (t, L) = ξy y y (t, L) = 0, ξy (t, 0) = u(t)

(46)

where the control input u(t) = δR (t) in (3) is designed to ensure
that ξ(t, L) = R(t) in (7). The acceleration term corresponding
m̃xe cθ̈ in (1) has been moved to the RHS and merged into Fb
so that Fn = Fb + m̃xe cθ̈. The RHS (46) is independent of ξ,
and θ is an average value that is obtained from the faster twist
dynamics. Therefore, unlike the twisting dynamics, the onset
of instability in the bending dynamics will correspond to the
damping becoming negative.
A. Time-Scale Separation in Microaerial Vehicles With
Flexible Wings
In [39], it was shown that the time-scale separation between
the twisting and bending dynamics is given by the following

(47)

where ωθ and ωξ denote the angular frequencies of torsion and
bending, respectively, ν denotes the Poisson ratio (typically in
the range 0.1–0.4), and the ratio L/c is called the aspect ratio of
the wing (of the half wing, to be precise). Therefore, the twisting
dynamics are faster than the bending dynamics, and moreover,
the time-scale separation increases with the aspect ratio, and
reduces with increasing flight speed [39]. In most practical situations, a time-scale separation of 3–5 is considered sufficient
to design and implement decoupled control laws, i.e., decoupled controllers for bending and twist can be safely designed
for wings with aspect ratio L/c ≥ 3.
Remark 7: Wings with smaller aspect ratios would have to
be modeled as plates rather than beams. Although several MAV
wings do have aspect ratios smaller than 3 (such as the one built
by the authors [40]), their structure consists of a skin wrapped
around or on a more traditional beam-like structure. The control
design explained in this paper can still be employed for such
wings. The two-time-scale approach is rigorously applicable to
coupled infinite-dimensional systems, as illustrated for thermalfluid dynamics in [57], and for flexible structure dynamics in
[51]. Moreover, although the coupled dynamics overlap over an
infinitely wide frequency range, the slower subsystem has only a
tiny fraction of its energy in the (semi-infinite) frequency range,
where it overlaps with the faster dynamics (whose entire energy
is in that range).
B. Open-Loop Stability of Bending
Assume that the boundary conditions are homogeneous, i.e.,
ξ(t, 0) = ξy (t, 0) = ξy y (t, L) = ξy y y (t, L) = 0 for all t. Let
ab = EIb /m̃ and bb = ηab . Let F (t, y) = Fn (t, y)/m̃, where
Fn (t, y) succinctly denotes the RHS of (46). Assume that the
flight speed uB  is constant.
Proposition 4: Subject to the aforementioned assumptions,
the bending dynamics (46) with u ≡ 0 are stable if




L

(F (t, y))2 dy <
0

2

ηEIb π 4
16mL4



L

(ξt (t, y))2 dy.
0

Proof: Consider the Lyapunov function (in this case, the total
L2 energy of the beam)
1
V (t) = V (t, y) =
2




L




ξt2 + ab ξy2 y dy.

(48)

0

It is quite straightforward to derive the following expressions
for V̇ (t):

V̇ (t) = −bb



L
2
ξty
y dy

0

+

L

ξt F (t, y)dy.
0

(49)
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A repeated application of Poincaré’s inequality2 yields
 L
 L
bb π 4
2
V̇ (t) ≤ −
ξ
dy
+
ξt F (t, y)dy.
16L4 0 t
0
Using the Cauchy–Schwarz inequality, we get

 L
 L
L
bb π 4
2
2
V̇ (t) ≤ −
ξ dy+
ξt dy
(F (t, y))2 dy .
16L4 0 t
0
0
Clearly, if




L
2

(F (t, y)) dy <
0


=

bb π 4
16L4

2

ηEIb π 4
16mL4



L

ξt2 dy
0
2



L

ξt2 dy

(50)

0

then the bending dynamics are stable.

The expression for F (t, y) in the simplest case is of the form
F (t, y) = −(κ1 ξt + κ2 ξt2 )CL (θ), where κ1 , κ2 > 0 are essentially constant. If CL > 0 (a reasonable assumption), it follows
that κ1 CL ξt injects damping into the system and counters the potentially destabilizing contribution from κ2 ξt2 θ for sufficiently
small values of ξt . However, if CL (θ) is not uniformly positive, and if it is out-of-phase with ξt , F (t, y) could potentially
cause the damping to become negative, leading to oscillatory
instability in the bending dynamics and trigger wing flutter.
Furthermore, since κ1 ∝ uB , the flight speed, it follows
that (50) can be used to derive a stable envelope for the flight
speed and Young’s modulus. However, unlike the analysis for
wing twist in Section V-A and [39], the analysis is considerably
more complicated because of the potentially strong nonlinear
contribution from ξt2 at low flight speeds.
C. Perturbation Observer for Root Control of Bending
In this section, we design a high-gain observer-based controller to facilitate a trajectory-planning-based tracking controller for bending. The perturbation observer does not predict
the system states. It uses projection-based adaptation to estimate F (t, y) which would be unknown in practical situations,
although one may estimate its spatial profile from the wing
geometry [36]. The perturbation observer is split into a “particular” component and a “homogeneous” component (the notions
will be made more precise in this section). In particular, the
homogeneous component is stable and not driven directly by
external feedback. Thus, it is simpler to design a “tracking”
control law for it. The same control signal is sent to the actual
system, whose states then converge exponentially to a bounded
envelope around the observer states. Fig. 4 shows a block diagram of the perturbation observer-based controller. It is the PDE
analog of feed-forward and feedback control for systems that
are described by ODEs. Notice that the reference input, R(t)
from (7), enters only the homogeneous component of the perturbation observer, while the feedback from the actual system
only enters the particular component.
2 Poincaré’s

inequality

L
0

w 2 dx ≤ Lw 2 (0) +

Fig. 4. Block diagram for the perturbation observer coupled to the system
dynamics. The control signal u(t) is generated from trajectory planning, while
R(t) is the desired reference signal from (7).

4L 2
π2

L
0

w x2 dx.

Let F (t, y) = W (t)T φb (y) + σ(t), where W (t) and σ(t) are
unknown and bounded with known bounds. We assume that Ẇ
and σ̇ are also bounded with known bounds. The set of functions
φb (y) can be chosen to get a satisfactory bound on σ, and using a
knowledge of the wing geometry [36] (e.g., the force distribution
on an elliptical wing is rectangular, and vice versa).
The perturbation observer for the bending dynamics in (46) is
designed as a combination of two components, which are called
the “particular” component and the “homogeneous” component,
for reasons that will become apparent presently. Let ξˆp and ξˆh
denote the states of the particular and homogeneous components, respectively. The dynamics of ξˆp and ξˆh are described by
the following PDEs:
ξˆp,tt (t, y) + bb ξˆp,ty y y y (t, y) + ab ξˆp,y y y y (t, y)
= −bb pξ˜p,t (t, y) − ab pξ˜p (t, y) + Ŵ (t)T φb (y) + σ̂(t)
ξˆp,y y (t, L) = ξˆp,y y y (t, L) = ξˆp (t, 0) = ξˆp,y (t, 0) = 0

(51)

for the particular component, where ξ˜p = ξˆp − ξ, and
ξˆh,tt + bb ξˆh,ty y y y + ab ξˆh,y y y y = −bb pξˆh,t − ab pξˆh
ξˆh,y y (t, L) = ξˆh,y y y (t, L) = ξˆh (t, 0) = 0,

ξˆh,y (t, 0) = u(t)
(52)

for the homogeneous component. Note that the homogeneous
half is a stable system, and its dynamical equation does not
depend on ξ or ξˆp (which is why it is called the “homogeneous”
component). Moreover, the reference signal R(t) is sent only to
the homogeneous component.
We now put together the two components. Define ξˆ = ξˆp +
ˆ
ξh . Then, the dynamics of ξˆ are given by
ξˆtt (t, y) + bb ξˆty y y y (t, y) + ab ξˆy y y y (t, y)
˜ y)
= Ŵ (t)T φb (y) + σ̂(t) − bb pξ˜t (t, y) − ab pξ(t,
ˆ 0) = 0,
ξˆy y (t, L) = ξˆy y y (t, L) = ξ(t,

ξˆy (t, 0) = u(t) (53)

where ξ˜ = ξˆ − ξ, and p > 0 is chosen to ensure desirable
convergence properties. Recall that ab = EIb /m and bb =
ηEIb /m. Choose projection-based adaptive laws for Ŵ (t) and
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σ̂(t)


˙
Ŵ (t) = γa Proj Ŵ (t), −



L

˜ b (y)dy
(ξ˜t + δ ξ)φ

0



˙σ̂(t) = γa Proj σ̂(t), −

L

˜
(ξ˜t + δ ξ)dy

(54)

0

where γa > 0 is the adaptation rate, and the bounds on Ŵ and
σ̂ are chosen to be equal to the known bounds on W and σ,
respectively.
We are now ready to state our main result, which asserts that
ˆ which is the sum of the states of the two observer components,
ξ,
tracks ξ, i.e., the system state.
Theorem 4: The error between the system (46) and the per˜ y)L , is globally
turbation observer (53), in the sense of ξ(t,
2
uniformly bounded, and the bound can be made arbitrarily small
by increasing γa .
Proof: To streamline the proof, we introduce some useful
notation. We define numbers s1 , s2 , δ1 , δ2 , which depend on the
gain p, as follows:
s1 = min {(bb p − δ), δab p, δab }
1
max {1 + δ, (ab + δbb ), ((ab + δbb )p + δ)}
2
δ1
δ2
(55)
W T W + σ 2 ≤ , |W T Ẇ | + |σ σ̇| ≤
4
2

s2 =

where δ > 0 is an arbitrarily small constant, which is introduced
in the proof. Equation (55) reflects the fact that W (t), σ(t), their
time derivatives, and predicted values are bounded with known
bounds.
Consider the Lyapunov function

1 L ˜2
ξt + (ab + δbb )ξ˜y2 y + (ab + δbb )pξ˜2 dy
V (t) =
2 0
 L
1
+
W̃ T W̃ + σ̃ 2 + δ
ξ˜ξ˜t dy
(56)
γa
0
where W̃ = Ŵ − W , and σ̃ = σ̂ − σ. The constant δ is chosen
to be small enough so that the Lyapunov function is positive
definite. Differentiating both sides with respect to time and performing integration by parts a few times, we get
 L
 L
V̇ (t) ≤ −(bb p − δ)
ξ˜t2 dy − δab p
ξ˜2 dy
0



L

− δab

ξ˜y2 y dy − bb

0

−

0
L

2
ξ˜ty
y dy

0

1
W̃ (t)T Ẇ (t) + σ̃(t)σ̇(t) .
γa

Define a constant V0 =
V̇ (t) ≤ −



δ2
γa

+

s2 δ1
s1 γa

(57)

. From (57), we get

s1
δ1
s1 δ2
s1
V (t) +
+
= − (V (t) − V0 ) . (58)
s2
γa
s2 γa
s2

It follows that V (t) converges to V0 exponentially fast. Thus,
the error dynamics between the perturbation observer and the

actual system are globally uniformly bounded, and the bound

reduces uniformly with increasing γa .
The two halves of the observer, put together, thus function
as a standard perturbation observer whose job is to estimate the
unknown nonlinearities and disturbances using full state feedback. In standard adaptive control methodologies, a control law
is first designed assuming a complete knowledge of the system.
Thereafter, the unknown system parameters, which appear in the
control law, are replaced by estimated values that are supplied
by the adaptation law.
In contrast, we decompose the original system into a “particular” and a “homogeneous” half, whose states are predicted
by the two components that are described briefly; thereafter, a
controller is designed for the homogeneous half alone so that its
output tracks the difference between the system output and the
output of the particular component. The homogeneous half is a
linear time-invariant system with desirable convergence properties, and a feed-forward tracking control law can be readily
designed for it.
L
Recall that the output of interest is 0 ξy (t, y)dy = ξ(t, L),
from (7). It represents the integrated value of the wing dihedral
which, in turn, is a measure of the side force produced by the
wing. In order to ensure that this output tracks the desired reference signal R(t), the control signal u(t) [also = ξˆh,y (t, 0)] is
designed using trajectory planning to ensure that ξˆh (t, L) tracks
R(t) − ξˆp (t, L). In particular, ξˆh is approximated via a polynomial expansion that involves powers of y, and the coefficients
are solved using the PDE and the boundary conditions.
Remark 8: The observer-based approach that is presented
here can be used for a wide class of functions F (t, y) which,
as we argued earlier, are usually nonlinear in ξy . Therefore,
it is difficult to construct a polynomial expansion for F (t, y).
Although trajectory planning involves a polynomial expansion,
it is only done for the homogeneous half, and consequently,
there is no need to obtain a polynomial expansion for F (t, y).
Remark 9: The error between the perturbation observer and
the system is uniformly bounded, and the bound can be made
arbitrarily small by increasing γa . The trajectory planning approach creates a low-pass-filtered control signal, as shown in
the next section, and therefore, the stability and the robustness
of the system are not affected if a large value is chosen for γa .
Remark 10: One limitation of using a perturbation observer in
the present form is that it requires a knowledge of ξ(t). However,
ξ(t) can be obtained using an array of sensors and spline fitting.
Such an array of sensors is light and cheap enough to implement
in a practical setting, and more so compared with a distributed
actuation scheme.
D. Trajectory Planning for the Homogeneous Component of
the Observer (ξˆh )
For a reference signal R(t) from (7), let Rh (t) = R(t) −
ξˆp (t, L) denote the reference signal that has to be tracked by
ξˆh (t, L), as shown in Fig. 4. It may be possible to use more than
one method to design a control signal u(t), which ensures that
the output of the homogeneous half tracks the reference signal.
This freedom results largely from the fact that the homogeneous
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component is an exponentially stable linear time-invariant system with desirable convergence properties (by design). In this
section, we illustrate a trajectory-planning approach, as we did
for wing twist.
The term ξˆh (t, y) can be approximated by a polynomial of
the form
N

ξˆh (t, y) =
j =1

ηj (t)y j
j!

(59)

where N needs to be chosen to ensure desirable tracking propˆ 0) = 0.
erties. Note that the coefficient of y 0 is zero because ξ(t,
ˆ
Substituting (59) into the ξh dynamics in (52) yields the set
of ODEs
η̈j + bb pη̇j + ab pηj = −bb η̇j +4 − ab ηj +4 .

j =0

ηj +2 (t)Lj
= 0,
j!

N

j =1

N −3
j =0

ηj +3 (t)Lj
=0
j!

ηj (t)Lj
= Rh (t).
j!

Note that the gain p has to be chosen so that p > 12/L4 for
η5 (t) to be stable. This completes the design of a trajectory
planning-based tracking controller for bending.
VI. SIMULATIONS
Simulations are carried out in MATLAB by using a Galerkinbased approach to convert the PDE system into ODEs. The
Galerkin truncation is not used as a basis for control law design;
therefore, no danger of “spillover instability” arises. The twist
θ(t, y) is expressed as a weighted sum of basis functions φi (y),
i = 1, 2, . . . , n and ψ(y)
n

(61)

i=1

φi (0) = φi (L) = 0

n

From (59), it follows that the main bending control input is given
by
u(t) = ξˆh,y (t, 0) = η1 (t)

(64)

where η1 (t) is obtained by integrating the following ODE, obtained in turn by substituting (63) into (62):


12
12
η̈1 (t) + bb p − 4 η̇1 (t) + ab p − 4 η1 (t)
L
L

12
=−
(65)
(bb Ṙh (t) + ab Rh (t)).
L5
3 Motivation: if R is a constant, then η = 0 is in the steady-state solution.
4
h
Therefore, this approximation works, at least, for a class of slow time-varying
signals.

n

η̈i (t)φi (y) −
i=1

=M

φi (y) (bη̇i (t) + aηi (t))
i=1

− ψ (y)(bṡ + as)

n


ηi (t)φi (y) .

ψ(y)s +

(67)

i=1

Using Galerkin’s method, (67) is converted to a set of ODEs
c(s̈(t) − M s(t)) + d(bṡ + as(t))
+ [A](η̈(t) − M η(t)) + [B](bη̇(t) + aη(t)) = 0
where



η̈1 (t) + bb pη̇1 (t) + ab pη1 (t) + bb η̇5 (t) + ab η5 (t) = 0. (62)
Constraint (61) can be solved to obtain η5 (t) in terms of η1 (t)
and Rh (t)

12
Rh (t)
η5 (t) = 4 −η1 (t) +
.
(63)
L
L

(66)

where s(t) is the boundary control input. If boundary control is
applied at the wing root, then ψ(y) has to be chosen to satisfy
ψ (L) = 0 and ψ(0) = 1. On the other hand, if the boundary
control is applied at the wing tip, we choose ψ to satisfy ψ(0) =
0 and ψ (L) = 1.
The PDE in (32) can be rewritten as
ψ(y)s̈(t) +

The value of N can be chosen to ensure good tracking. Note
that the ξˆh dynamics are of fourth order in y. Therefore, we
need to choose N > 5, and the gain p must be chosen to ensure
stability of the resulting set of ODEs. For any choice of N ,
we have N − 4 differential equations (for η1 to ηN −4 ) and 3
constraints, a total of N − 1 equations. The underdetermined
problem may be resolved by setting one variable among ηN −3 ,
ηN −2 , and ηN −1 to zero, or imposing an additional constraint
on the system.
Suppose that we set N = 5, i.e., η6 = η7 = · · · = 0. We also
set η4 (t) = 0.3 This yields the differential equation

ηi (t)φi (y)

θ(t, y) = s(t)ψ(y) +

(60)

The boundary conditions, together with ξˆh (t, L) = Rh (t), yield
the following algebraic equations:
N −2
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L

c=

ψ(y)φ(y)dy,

d=−

0





L
T

[A] =

φφ dy,

[B] = −

0

(68)

L

ψ (y)φ(y)dy
0

L

φ(φ )T dy.

(69)

0

The reader will recall that ψ is a scalar, and φ = [φ1 , φ2 , . . . φn ]T
is a vector. The control s(t) is expressed similarly in terms of
φ, ψ, and η to obtain a set of ODEs, which are simulated to
approximate the response of the system.
A. Root Control of Wing Twist
Fig. 5 demonstrates the regulation of twist dynamics using the backstepping controller that is derived in (31), with
the transformation in (12) and (17). The value of M/a was
˜ p . A value of p = 4 yielded an
set to 8, where a = GJ/I
unstable response, while the response was stable for p = 8.
Recall the following condition for stability with L = 1: p >
M/a − π 2 /4 ≈ 5.5. The backstepping controller works even
when M (y) = M (1 − y 2 ) is used (to mimic an elliptical lift
distribution over the wing) instead of a constant M (y) ≡ M .
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Fig. 5. Regulation of the twist dynamics using the backstepping controller in
(31). The plots were obtained for M/a = 8, while p was increased to ensure
stability. Each plot is a collection of appropriately chosen snapshots in the
interval 0 < t < 30 s, with the lines getting darker with time. In plots (b) and
(c), θ(t, y) converges to zero exponentially. (a) Unstable response with p = 4.
(b) Stable response with p = 8. (c) Stable response with p = 8 for spatially
varying M (y).

The backstepping controller can be added on top of a tracking
controller.
Each plot in Fig. 5 is a collection of snapshots that are appropriately chosen in the interval 0 < t < 30 s, with the lines
getting darker with time. The system state θ(t, y) converges to
zero exponentially when p = 8.
B. Tip Control of Wing Twist
Fig. 6 shows simulation results for the twist dynamics, when
the actuator is located at the wing tip. The value of M/a was
chosen so that stability is assured without the need for a dedicated stabilizing controller. The first plot was obtained for a
system, where the aerodynamics were assumed to be linear but
unknown. The second plot was assumed linear unknown aerodynamics such that the system was unstable in the open loop,
but within the enhanced stability margin that is described in
Section IV-B. The third plot (bottom row) was obtained for the
case where the aerodynamics were additionally spatially vary-

Fig. 6. Twist profile of the wing as a function of time when the the adaptive
controller in (41) is applied at the wing tip. Three cases have been examined

L

here, with 0 θ(t, y)dy = 0.05 as the desired output. The first three plots are
appropriately chosen snapshots in the interval 0 < t < 30 s, with lines getting darker with time. The error metric e(t) converges to zero exponentially.
(a) M unknown, constant, open loop stable. (b) Unknown M , constant,
open loop unstable. (c) Spatially varying, unknown M (y), unstable dynamics.
(d) Time history of e(t), u(t).

ing. The fourth plot depicts the time histories of the tracking
error e(t) and the control signal u(t), respectively. In all cases,
the twist amplitude converges to the steady-state value with
satisfactory transients. The error metric (5) converges to zero
exponentially.
C. Comparison of Finite-State Approximation-Based and
Trajectory Planning-Based Controllers for Bending
Using Galerkin’s method, the beam bending dynamics (46),
with the control input u(t) and its derivative u̇(t) as additional
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Fig. 8.
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Experimental setup showing the beam and power supply.

control signal, which is generated using (62) and (64), is itself a low-pass filter, albeit one that ensures, by design, a small
tracking error.
Fig. 7. Comparison of controllers derived from finite-state approximations of
the open loop and the homogeneous component, respectively, with a controller
obtained using trajectory planning [41]. (a) Traditional ODE control. (b) PDE
perturbation observer with trajectory planning.

states, can be recast into the form
ẋ = Ax + B ū + f (x), y = Cx

(70)

where ū(t) equals the highest derivative of u(t), i.e., ü(t) =
ū(t). The system can be stabilized if (A, B) is stabilizable. In
particular, vectors B and C depend strongly on the choice of the
basis functions. The unmatched nonlinearity f (x) can affect the
tracking error as well as the stability of the closed-loop system
if not compensated adequately. The unmatched nonlinearity can
be tackled using backstepping, or a more direct approach such
as in [23, Ch. 3, pp. 140–174].
Fig. 7 compares the performance of two controllers. The first
is based on [23] and designed using a finite-state approximation
of the beam, and the other is based on the perturbation observer
and trajectory planning approach in Section V. The beam is
assumed to be loaded uniformly, but for the purpose of control
design, this load is treated as an unknown. This simple loading
condition is enough to create an unmatched uncertainty in the
finite-state approximation.
Fig. 7(a) shows the performance of a controller, which is designed using the finite-state approximation. The tracking error
is less than 5% of the signal amplitude, and there is a phase lag
in the system output when compared with the reference signal.
The tracking error as well as the phase lag arises due to the use
of a low-pass filter in the generation of the control signal. On the
other hand, Fig. 7(b) [41] shows the tracking performance of the
proposed controller which is derived from trajectory planning
using a seventh degree polynomial and the perturbation observer
in Section V-C. The amplitude of the tracking error is considerably smaller than the previous approach, and the phase lag is
almost eliminated. For the system that is considered in this illustration, the proposed controller outperforms the conventional
ODE-based controller. Note that the trajectory planning-based

VII. EXPERIMENTAL RESULTS
In this section, we describe some successful experiments,
which were performed to validate the efficacy of the perturbation observer-based controller in Section V. Fig. 8 shows
the experimental setup. A long thin beam with a rectangular
cross section is utilized for experiments. It is rigidly clamped
at one end, while the other end is free to be controlled. Two
small permanent magnets attached to the tip are acted on by an
electromagnet whose magnetic field can be controlled by specifying a current and varying the voltage using a programmable
power supply (Agilent Technologies E3642A) that interfaces
with MATLAB. The interaction between the permanent magnets and the magnetic field of the electromagnet produces a
force that acts on the beam tip.
Retroreflective markers are placed at seven specific points
along the length of the beam, and the VICON motion capture
system is used to track the coordinates of those markers. Bending
displacement is determined by calculating the distance between
the markers on the beam in the deformed state, and the coordinates of the corresponding markers in the undeformed state.
The bending displacement is interpolated from the data that are
obtained from the VICON system to obtain the deformation profile. This information is used to calculate the tip force, which is
the control variable.
The electromagnet is characterized to determine a relationship between the required voltage and the commanded tip force.
The tip deflection ξtip of a cantilever beam as a function of the
applied tip force, Ftip (= EIb ξy y y (t, L)), is given by


ξtip = ξ(t, L) =

Ftip L3
3ξtip
=⇒ u(t) = ξy y y (t, L) = 3 .
3EIb
L

(71)

The electromagnet is calibrated by measuring the steady-state
tip deflection as a function of the input voltage so that
ξtip ≈ 1.33 × 10−3 W 1.5

(72)

where W denotes the voltage of the signal, which is sent to the
electromagnet. Combining (71) and (72) with the fact that the
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VIII. CONCLUSION

Fig. 9. Time histories of the tip displacement (ξ(t, L)), when a sinusoidal
reference signal was sent to the system. An impulse-like disturbance was also
administered to the beam. The controller was disabled in the first case to provide
a comparison between the open- and closed-loop systems. (a) Open loop with
an impulse perturbation. (b) PDE boundary control with impulse perturbation.

This paper has introduced a boundary control formulation for
a class of PDEs whose output consists of a spatial integral of
the state variable. Although the primary focus of this paper was
on the control of flexible wings, this boundary control problem
is directly relevant to the control of flexible continuum robotic
arms described by PDEs.
In order to control wing twist using a root-based actuator,
a tracking controller, which was based on PDE backstepping
was designed to handle the output that has an infinite relative
degree with respect to the root actuation. On the other hand,
when twisting moment at the wing tip was the control input,
it was shown that the system had a relative degree of 2 with
respect to the input–output combination, which facilitated the
design of a robust adaptive tracking controller. It was shown that
the tracking controller alone could yield a 16-fold improvement
in the stability margin of the system.
The force distribution that drives bending is far too complicated to be handled by backstepping alone, which motivated
the development of a new perturbation-observer-based approach
that is presented in Section V. The two-stage-observer-based
tracking controller was designed to ensure that the wing tip
tracked the desired reference profile with the bending PDE. The
first component of the observer compensated for the nonlinearities and unmodeled dynamics, while the other was used exclusively for deriving the control signal. The proposed perturbationobserver-based controller was implemented in an experimental
setup, which allowed us to control the bending displacement
of the tip of a beam by applying a force at the wing tip. The
controller performed as expected, and demonstrated reference
signal tracking as well as disturbance rejection.

control input u(t) = ξy y y (t, L) = Ftip /EIb results in
u(t) =

4 × 10−3 1.5
W
=⇒ W = 39.67L(u(t))2/3 .
L3
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The control law u(t) is obtained from an equation, which is
analogous to (64) [19]
5 η2 (t) 18 Rh (t)
−
, Rh (t) = R(t) − ξˆp (t, L)
L
L3

60
η̈2 (t) + p + 4 (bb η̇2 (t) + ab η2 (t))
L

u(t) =

=

180
bb Ṙh (t) + ab Rh (t) .
L6

(74)

The gain was set to p = 500 for the experiments. Fig. 9 shows
the time history of the tip displacement for two cases. In both
cases, the system was given an impulsive disturbance midway
through the experiments at t = 17 s, in addition to persistent
external disturbances in form of a mild breeze in the experimental area. The open-loop response is noisy due to the persistent
external disturbances. The amplitude takes a very long time to
converge after the impulsive perturbation at 17 s. In comparison,
the closed-loop response shows a negligible tracking error and
rapid convergence to the reference signal after the impulsive
perturbation. Additional experimental results, including those
for root control of beam bending, can be found in [19] and [42].
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